TENSOR PRODUCT OF COHERENT SYSTEMS 
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Abstract. Let X be a smooth algebraic curve of genus g > 2. A stable vector bundle 
over X of degree d, rank n with at least k sections is called a Brill- Noether bundle of type 
(n, d, k). By tensoring coherent systems, we prove that most of the known Brill-Noether 
bundles define coherent systems of type (n, d, k) that are a-stables for all allowable a. 



1. Introduction 

Let X be a smooth projective algebraic curve over C of genus g > 2. By a coherent 
system of type {n, d, k) we mean a vector bundle of degree d and rank n together with a 
linear subspace of its space of sections of dimension k. 

In [18], [IE], [23] was introduced a notion of stability for coherent systems which permits 
the construction of moduli spaces. This notion depends on a real parameter a, and thus 
leads to a family of moduli spaces. The different members in the family correspond to 
different values of a. As a varies, the moduli spaces can change only when a passes 
through one of a discrete set of points, called critical values. If k < n, the range of 
parameter is a finite interval and the family has only finitely many distinct members. 
If k > n the range of the parameter is infinite; however, there is only a finite number 
of distinct moduli spaces. Moreover, if G{a : n, d, k) is the moduli space of a-stable 
coherent systems of type {n,d,k), there is a critical value, denoted by a^, such that for 
all a, a' > ai, G{a : n, d, k) = G{a' : n,d,k) ([6]). 

Let B{n, d, k) be the Brill-Noether locus of the stable vector bundles over X of degree 
d, rank n with at least k independent sections. A triple {n, d, k) is called a Brill-Noether 
triple if B{n, d,k) ^ and a vector bundle in B{n, d, k) is called a Brill-Noether bundle 
of type {n,d,k). It is clear that Brill-Noether bundles define coherent systems and for 
a > close to 0, they define a-stable coherent systems (see [5]). However, for arbitrary 
choice of a it is not clear the relation between Brill-Noether bundles and stable coherent 
systems. We are interested in studying this relationship. 

The case k < n have already been considered in [5] [6] and [7] and was proved that if 
n < d + {n — k)g and (n, k) ^ (n, n, n), Brill-Noether bundles define a-stable coherent 
systems for all allowable a. Moreover, the set of such bundles is a Zariski open subset of 
G{a : n, rf, k). 
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For general curves, ii k = n + 1 and d < g + n it was proved in [TT] that there exist 
Brill-Noether bundles which are a-stable for all a > 0. The existence of such bundles was 
used to determine the structure of G{a : n,d,k) and to prove that = 0. For k > n 
and n, d, k satisfying the relations in [21] , Montserrat Teixidor i Bigas in [20] constructs 
a singular curve and a limit of coherent system such that, on a generic curve, define a 
coherent system that is a-stable for all a > and the vector bundle is stable. 

Our aim in this paper is to study the a-stability of coherent systems defined by the 
Brill-Noether bundles given in [19] and [10]. Such bundles will be used to determine the 
structure of G{a : n,d,k) and, in some cases, to determine the value of ai- Our results 
for k > n will be for any curve and, even for the generic case, they extend beyond of those 
in [20]. Furthermore, our methods give another proof of non-emptiness for those values 
that are included. 

In order to state our results we recall the following definitions and facts. 

Denote by Ai{n,d) the moduli space of stable vector bundles of rank n and degree d. 
If d > n{2g — 2), denote by Grass{s) the Grassmannian bundle over /iA{n,d) with fibre 
the Grassmannian Grass{s, H'^{E)). 

From [iHl Corollaire 3.14], every irreducible component of G{a : n, d, k) has dimension 
greater or equal to the Brill-Noether number (3{n, d, k) := n'^{g — l) + l~k{k~d+n{g — l)). 
Denote by GQ{n, d, k) the first member of the moduli spaces family and by GL{n, d, k) the 
last one. For coherent systems {E,V) of type {n,d,k) with k >1 define Gg{n,d,k) and 
U (n, d, k) as 

Ggin, d, k) := {{E, V) ■ {E, V) is generated by V with H^{E*) = 0}. 

and 

U{n, d, k) := {{E, V) : {E, V) is a — stable for all allowable a and E is stable}. 

We are interested in studying the non-emptiness of U{n, d, k), when (n, d, k) is a Brill- 
Noether triple. 

We now state our results. 

Let 2 < gs < n and k = n + s. If d < n + gs, it is known (see [19]) that there are 
no semistable bundles of degree d, rank n with at least k independent sections; hence 
Go{n,d,k) = 0. Moreover, the non existence of semistable bundles also implies that (see 
Theorem 15. ip 

• if d < n + gs, G{a : n,d,k) = ^ for all a > 0. 

If d > n + gs, from [19] there are Brill-Noether bundles of type (n, d, k). In this case we 
prove 

• If d = n + gs, (see Theorem \5. 6\) 
(1) G{a ■.n,d,k)^^ for all a > 0; 
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(2) G{n, d, k) := G{a : n, d, k) = G{a' : n, d, k) for a, a' > i.e. ai = 0; 

(3) U (n, d, k) 7^ 0. Moreover, U (n, d, k) = G{n, d, k) C Gg{n, d, k); 

(4) G{n,d,k) is smooth irreducible of dimension i3{n,d,k). Moreover, G{n,d,k) 
M{s,d). 

(5) For s > 1, G{a : s, d, k) = G{n, d, k) for all a > 0. 



For d = n + sg + s' with < s' < g (see Theorem\6.4\); 



(1) G{a : n,d,k) ^ij} for all a > 0; 

(2) U{n,d,k) 7^ 0. Moreover, any {E,V) G U{n,d,n + s) is generically generated; 

(3) G{a : n,d,k) has a smooth irreducible component G^{n,d,k) of dimension (3. 
Moreover, G^{n, d, k) is birationally equivalent to the Grassmanian bundle Grass{s') 
over d). 

From Theorem 15.61 16.41 and [71 Theorem A] we have that 

• If < d < 2n, there is an open set Z of B{n,d,k) such that any E ^ Z defines 
a coherent system that is a-stable for all a > 0. Moreover, for any Brill-Noether 
triple (n, k), U{n, d, k) ^ 0. 



The idea of tensoring Brill-Noether bundles by line bundles with section was used in [10] 
to produce Brill-Noether bundles of degree d > 2n. We use this idea and tensor coherent 
systems of type (n, d, k) by coherent systems of type (1, d', k'). 

Let {E, V) be a coherent system and L an effective line bundle. Choose a section s of L 
and define the coherent system {E^L, V) where V is the image of V in H^{E®L) under 
the canonical inclusion H^{E) ^ H^{E®L) induced by s. Raghavendra and Vishwanath 
in p3l Lemma L5] proved that (i?, V) is a-stable if and only if {E ® L, V) is a-stable. 
We extend such Lemma as follows. 

Let (L, W) be a coherent system of type (1, d', k') and Kl the kernel of the evaluation 
map W ® O L. Let {E, V) be a coherent system of type (n, c?, k). If H^{Kl E) = 
0, we identify W ® V with the image of in H^{E (8> L) under the inclusions 
W 0V ^ W (g) H^{E) ^ H'^{E (g) L). Hence, {E L,V (g)W) is a coherent system of 
type (n, d + nd', kk'). For such coherent systems we prove (see Lemma [7.4^ 

(1.1) 

• {E, V) is k'a-stable if and only if {E ® L,V ® W) is a-stable. 

We use (11. ip and Theorems 15. 6[ 16.41 and [TJ Theorem A] to prove that most of the 
Brill-Noether bundles in [10] are a-stables for all allowable a. Actually, we prove that 

under the hypothesis that d = d" +nd' and k = k'k" with < d" < 2n, n < d" + {n — k")g 
and (n, d" , k") ^ (n, n, n); and {d', k') satisfying one of the following conditions 

(1) d' < 2g and p{l,d',k') > (see Theorem\T^; 

(2) d' > 2g and k' > 1 and nd' > {k — l)d" (see Theorem 7.5 ), 
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• G{a : n,d,k) ^ ^ for all allowable a. Moreover, U{n, d,k) 

For a hyperelliptic curve, under the same hypothesis on (n, d", k") and the assumptions 
that k' >1 and = 2 (A;' — 1) we prove 

• G{a : n,d,k) ^ (!) for all allowable a. Moreover, U{n, d, k) ^ 0. 

During the final stages of writing this paper, we came across the work in [8j . Our results 
in Theorem 15.61 and 16.41 partly coincide with some of their results. 

Notation 

We will denote by K the canonical bundle over X, by Ke and Ie the kernel and image, 
respectively, of the evaluation map V ® O ^ E, H'^{X,E) by W{E), dimiJ*(X, by 
h^{E)^ the rank of E by tie, the degree of E by dE- If is a vector space, we denote 
W^O^EhyW^E. \{ (3 -.V ^ H and '-j -.W ^ H are injective homomorphism, we 
will denote piV) n ^{W) G H hy V f^W . 

2. Definitions and general results 

We recall some definitions and facts of coherent systems we shall need. We refer the 
reader to [6] and |4| and references cited therein for basic properties of coherent systems 
on algebraic curves. 

Let X be a smooth projective algebraic curve over C of genus g > 2. A coherent system 
over X of type (n, d, k) is a pair {E, V) where _E is a vector bundle over X of rank n, 
degree d and V a linear subspace of H^{X, E) of dimension k. For any real number a > 0, 
define the a-slope of the coherent system {E, V) of type (n, d, k) as 

k 

IJa{E,V) :=i2{E)+a-, 

n 

where /i(-E) := d/n is the slope of the vector bundle E. A coherent subsystem {F, W) C 
{E, V) is a coherent system such that F (1 E and W 'OV (1 H^{F). For any a, a coherent 
system {E, V) is a-stable (respectively a-semistable) if for all proper coherent subsystems 
{F,W) 

Ha{F, W) < fia{E, V) (respectively <). 

Denote by G{a : n,d,k) (respectively G{a : n,d,k)) the moduh space of a-stable 
(respectively a-semistable) coherent systems of type (n, d, k). For non-emptiness of G{a : 
n, d, k) with > 1 we need a > and d > 0. Basic properties of G{a : n, d, k) have been 
proved in [18], |T6] and [23] . 

Most of the detailed results known are for /c < n (see [S], [7|,[n|). For k = n + 1 and X 
general see [11], [3] and [6]. For > n, on a generic curve, Montserrat Teixidor i Bigas 
in [20] proved that, under the same relation as in [21], G{a : n,d,k) ^ and has an 
irreducible component of the correct dimension. For d » see pLj- It is our purpose 
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here to study the case k > n on any curve and under different conditions then those in 

m- 

Every irreducible component of G{a : n, d, k) has dimension at least the Brill-Noether 
number /3{n, d, k) := n^lg — 1) + 1 — k{k — d + n{g — 1)). From the infinitesimal study 
of the coherent systems if {E,V) G G{a : n,d,k), G{a : n,d,k) is smooth of dimension 
/3(n, d, k) in a neighbourhood of {E, V) if and only if the Petri map 

V (g) H%E* (g) K) H%E (g)E*(g)K) 

is injective. 

Given a triple (n, d, k) denote by C(n, (i, k) the set 

Tid^ — Ti' d 

C(n, d, k) := jalO < a = — ; — with < A;' < A;, < n' < n, and nk' ^ n'k). 

n'k — nk' 

An element a in C(n, d, k) is called a critical point. The set C(n, d, k) defines a partition 
of the interval [0, oo). With the natural order on M, label the critical points as ttj. 

It is known (see ^ and [6j) that 

(1) If a', a" G (aj,Q;j+i) then G{a' : n,d,k) = G{a" : n,d,k). Denote by Gi{n,d,k) 
the moduli space G{a : n, d, k) for any a G (aj, aj+i). 

(2) For < n, if a > G{a : n, d, fc) = 0. 

(3) For k > n, there exists such that for any a, a' > ai, G{a : n, d, k) = G{a' : 
n, (i, A;). Denote by Giin, d, k) the moduli space G{a : n, c?, k) for a > a/,. 

Let B{n, d, k) (respectively -B(n, c?, /c)) be the Brill-Noether locus of stable (respectively 
semistable) vector bundles. There is a natural map 

: Goin, d, k) — * B{n, d, k) 

defined by {E,V) t— > E that is injective over B{n,d,k) — B{n,d,k + 1). Moreover, if 
E G B{n, d, k) then for any subspace V C H^[E) of dimension /c, (E', V) G Go{n, d, k). 

Remark 2.1. Let (-E, l^) be a coherent system of type {n,d,k). From the definition of 
a-stability and stability of a vector bundle we have that 

(1) if = 1, {E, V) is a-stable for all a > 0; 

(2) if {E, V) G G{a : n, d, k) and E is stable then {E, V) is a'-stable for all < a' < a; 

(3) if E is stable and for all subsystems {F,W) C {E,V), < ^ then {E,V) is 
a-stable for all a > 0. 

For coherent systems of type (n, d, k) define U (n, k) as 

U{n, d, k) := {(-E, V) : (-E, is a-stable for all allowable a and E is stable }. 

By " ' allowable' ' a we mean that if /c < n, a < and if A; > n, a > 0. 
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Note that G{a : n, d, k) could be non-empty for all a > 0, but U{n, d, k) = 0. From the 
openness of a-stability U{n, d, k) is an open subset of Giin, d, k). Moreover, if Gl{ji, d, k) 
is irreducible, f/(n, d, k) is irreducible. 

lik <n and n >2, U (n, d,k) ^ if and only if n < d+{n — k)g and (n, d, k) ^ {n, n, n) 
(see [TJ Theorem A]). Hence, the Brill-Noether bundles with k < n are a-stable for all 
allowable a. 

Our aim is to study U{n, d, k) for k > n. In particular, the non-emptiness. 

A coherent system {E, V) can be defined as a triple {E, V, 4>Ey) where is a vector 
space and (pE,v ■ V ® O ^ E is a, map such that the induced map {p*^y : V ^ H^{E) is 
injective. Moreover, we have the exact sequence 

(2.1) Ke^V ®0'^^'^^ E H ®T -^Q 

where Ke and H are vector bundles with H^{Ke) = and r a torsion sheaf. 
If Ie is the image of the evaluation map V ® O —>■ E we split (12. ip as 

(2.2) O^Ke^V^O^Ie^O 
and 

(2.3) 0^ Ie^ E ^ H®T^O. 

If Ke = 0, the coherent system is called injective. If i7 = 0, is called generically 
generated and if also r = 0, generated. Note that if {E, V) is generically generated, the 
rank of Ie is n. 

Remark 2.2. If [E, V) is generated, the dual of the kernel of the evaluation map (i.e. 
the vector bundle K^ in (12. ip ) is usually denoted as My^E and ii V = II^{E), as Me- 

Remark 2.3. If A; < n, recall from [71 Corollary 2.5] that every a-semistable coherent 
system is injective, if d < min{2n,n + -^zi}- Moreover, for any injective coherent system 
{E, V), H^{H*) = 0. In particular, ii k = n, H = 0. 

If k > n, from ^ Proposition 4.4], there exists agg such that for any a > agg, a 
a-semistable coherent system is generically generated. Actually, agg < . 

Remark 2.4. Note that if k > n and {E, V) G U{n, d, k), E is semistable and generically 
generated. 

For any (n, d, k) define Gg{n, d, k) as 
Gg{n, d, k) := {{E, V) : {E, V) is of type (n, d, k) and it is generated with H^{E*) = 0} 

Remark 2.5. Let {E,V) G Gg{n,d,k). From pT, Proposition 2.5], 

(1) if ^^(n,^,^) 7^ 0, > 

(2) any quotient coherent system {Q, Z) is generated; 

(3) if k = n + s with s > 1, for any subsystem (F, W) C {E, V), h^{F) < np + s - 1; 
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(4) if d > 2gn, Gg{n, d,k) ^ % ioi k > n + I; 

(5) if E semistable and /c = n + 1, {E, V) is a-stable for all a > 0. 

Given (G, V) G Gg{n, d, k), we have the exact sequence 
(2.4) ^ (»0 ^0 

with if°(Myg.) = 0. The vector bundle Mv,g is generated by V* and {Mv,g, V*) is called 
the dual span of (G, V). Moreover, if (n, /c) = 1, (G, l^) is a-stable for large a if and only 
if {Mv,G, V*) is a-stable for large a (see P, Corollary 5.10]). 

Remark 2.6. In particular, if (i^, V^) G Gg(l,(i, /c), the dual span {Mv,l,V*) is a-stable 
for large a, since (L, V^) is a-stable for all a. 

Let G be a stable of degree d > 2gn. In [12] Butler proved that Mq is stable and 
Mercat in [19] gives an isomorphism between Go{n, n + sg,n + s) and Go(s, n + Sf?, n + s) 
for s(7 < n. In section §4 we will study this relation for all a > 0. 

If X is general and g > — 1, using the dual span correspondence, Butler in [13] gave a 
birrational map between Go{n, d,n + l) and Go{l,d,n + l). The dual span correspondence 
was also used in [G*, Theorem 5.11] to give necessary and sufficient conditions for non- 
emptiness of GL{n,d,n + 1) and in Theorem 4.7] to prove non-emptiness and to 
describe the structure of G(a : n,d,n + 1) for all a > 0. 

Remark 2.7. The vector bundles Mv,g have been studied from different points of view 
(see e.g. [H], [22] [2]). The existence of line bundle of degree d with My^^ stable and 
dim = n + 1, has been proved in the following cases; 

(1) c/ > 2c/ and + (1 - ^) > n + 1 > 2 (see [19]and [12]). 

(2) If K is the canonical bundle and X is non-hyperelliptic (see |22j). 

(3) If X is general and n + g — < d < g + n (see [11], [13] and [21]). 

(4) If X is general and; d > n + g — and g > n'^ — 1 (see [TT]and [13]). 

Remark 2.8. Note that if Gg{n, d, k) ^ 0, from [221 Proposition 3.2], Gg{n, rf, n + 1) 7^ 
and by the dual span correspondence Gg(l, n + 1) 7^ 0. 

3. Brill-Noether Bundles 

In this section, we recall some facts and the construction of the Brill-Noether bundles 
in [9], [19] and [10]. 

First we recall from [19] a Proposition that will be used. 

Proposition 3.1. [1^ Proposition A. 2] Let F he a vector bundle of rank n and degree 
d such that H^{F*) = 0. // the maximal semistable subbundle of F has slope < 2 then 
h^{F) <n + ^. 

Let E he a stable bundle of degree d and rank n> 2. 
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• If d > n{2g - 2), U{n, d, k) = ^ foi k >d + n{l - g); 

• if > 2gn, Gg{n,d,k) ^ 0; 

• iiO < d <n and k > n, U{n, d,k) = ^ (see [1]). 

Remark 3.2. If < d < 2n, there exist stable vector bundles of rank n and degree d with 
/c independent sections if and only ii n < d + {n — k)g and (n, (i, /c) ^ (n, n, n) (see [9] and 
|19j). Therefore, Go('^) d^k) ^ ^ if and only if n < (i + (n — k)g and (n, c?, fc) ^ (n, n, n). 
Moreover, if > + (n — A;)(yf, f/(n, ci, fc) = 0. 

If < d < 2n, stable bundles with k < n define injective coherent systems that are 
a-stable for all allowable a (see [6], [5] and Remark [2.31) . Hence U{n,d,k) ^ 0. 

For k > n, know from [19l 2-Bl] that any such stable bundle A fits in an exact 
sequence 

(3.1) Q^G* ^H\A)®O^A^Q. 

where G is a stable bundle of rank s, slope > 2g and from Proposition 13. ![ h^{G) = 
h^{A) = k. Actually, A = Mq and the coherent system {A,H^{A)) is in Go{n,d,k) and 
it is generated. Moreover, {G,H^{G)) G Go{s,d,k). 

If is a general subspace of H^{A) of dim = s', we have the exact sequence 

(3.2) ^ A^ B ^0. 

From [191 3-Bl] and its proof, we know that any such bundle B that fitting in the exact 
sequence ( 13. 2p is stable. 

Remark 3.3. Note that the condition d > 2gs with < d < 2n is equivalent to < gs < 
n and d>n + gs. Moreover, if = + s, 

d > n + gs <^=^ n < d + {n — k)g. 

Remark 3.4. In particular, iid= {n+s')+sg, with < s' < ^f, h^{G) = h^{A) = {n+s') + 
s. Moreover, ub = n, and from Proposition 13. 11 h^{B) = n + s and H^{A) = W (BH^{B). 
The coherent system {B, H^{B)) is in GQ{n, d, k) and it is generated. 

From the cohomology sequence of (13. 2p and Remark 13.41 we have that the coboundary 
map 5 : H^[B) —>■ H^{0) ®W is the zero map and hence, we have the following diagram 





1 i 

G* = G* 

I I 

(3.3) ^ W0O ^ H%A)0O H\B)®0 

II i i 

Q ^ W ®0 ^ A B ^0. 

i i 
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Actually, B = Mw,g- Thus, we can state Mercat's results as follows 

Theorem 3.5. Theoreme B.l. and Theoreme A.l] Let G be a stable vector bundle 
of rank s and degree da > 2gs. For a general generated subspace W C H'^iG), M^^g is 
stable and generated of slope < 2. 

From the construction of the stable bundles M^g we have the following Proposition 
Proposition 3.6. The Petri map for {M^^Gj W*) is injective. 

Proof. The kernel of the Petri map 

W* ® H\M^^G ®K)^ H\Mw,G ® M;^^g ® K) 

is H\G* ®M^G®K). 

Since Mw,g ® G is semistable and fi{Mw,G ® G) > 2g > 2g - 2, H^{M^g ® G* ® K). 
Thereby, the Petri map is injective. □ 

The stable vector bundles M\y^g in Theorem 13. 5[ together with the stable bundles with 
k < n, and < d < 2n were tensored in [10], by line bundles with sections to produce 
Brill-Noether bundles with d > 2n. 

Remark 3.7. Actually, let d = d" + nd' with d' > {k' - l){k' + g)/k', < d" < 2n 
and 1 < k' < g. It was proved in [TOl Theorem 3.2] that if n < d" + {n — k)g and 
{d",k) 7^ {n,n), B{n,d,k'k) ^ 0. Furthermore, applying the Serre duality, B{n,2n{g — 
1) — d, k'k — d + n{g — 1)) ^ 0. Moreover, such bundles determine a region in the Brill- 
Noether map (see [9j) that extends beyond the region determined by the stable bundles 
in [21] (see [TOl Section 5]. 

We want to study the coherent systems defined by the stable bundles Mw,g ® L with 
L a line bundle with sections. 

Let {E,V) be a coherent system of type {n,d,k) and {F,W) a subsystem of {E,V). 
To study the stability of a coherent system we can restrict to subsystems of the form 
{F,H%F)f]V) since i^a{F,W) < Ha{F, H^{F) f]V) for all a > 0. Assume E is stable 
and k > n. li h^{F) < np, HaiF, W) < fiaiE, V), for all a > 0. If h^{F) > np we have 
the following Lemma. 

Lemma 3.8. Let (F, W) be a coherent system with h^{F) > np. If H^{F*) ^ and F = 
O'^ © G with r>l and H^G*) = 0, ^ < Moreover, ^i^{F, W) < iJa{G, H^{G)) 

for all a > 0. 

Proof U F^O'®G with H°{G*) = 0, r > 1 and h%F) > np, 

n^F) ^ r + h^{G) ^ IfiGl ^ m _ 
Up Up Up — r uq 
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Moreover, dp = da and r + uq = np < h^{F) = r + hP{G). Hence, yu(-F) < ^^{G) and 
from (133!), ^^a{F, W) < H^{G)) for all a > 0. 

□ 

Remark 3.9. From Lemma [3^ in order to prove the a-stability of coherent system [E, V) 
with E stable we can just consider, without loss of generality, subsystems (F, V ^H^{F)) 
that satisfies h^{F) > np, H^{F*) = 0. 

4. Coherent systems of type {n,d,n + l) 

For a general curve it was proved in p!T] that G{a : n, d, + 1) 7^ if and only if 
9 > d,n + 1) > and ii g = 13 , n \ g. Moreover, if /3 > then G{n, d,n+ 1) : = 
G{a : n,d,n+ 1) = G{a' : n, (i, n + 1) for all a, a' > 0. For d > g + n, the geometry of the 
GL{n,d,n + 1) was described in [3]. 

For any curve we have the following Propositions. Note that there is an overlap between 
them, but the proofs illustrate different methods that could be used for k > n + 1. 

Proposition 4.1. If d > n + g and n > g, U{n, d,n + 1) ^ 0. 

Proof. Let L be a line bundle of degree d > 2g. Hence, h^{L) = d + 1 — g. Moreover, it is 
generated and from [22, Proposition 3.2] a general subspace V of dimension d + 1 — g > 
n + 1 > 2 generates L. By Theorem 13.51 Mv,l is stable and from Remark 12.61 and Remark 
O {Mv,L, V*) is a-stable for all a > 0. Therefore, U{n, rf, n + 1) ^ 0. □ 

Proposition 4.2. If n + g < d < 2n and d' > 0, 

• G{a : n,d + nd', n + 1) 7^ for all a > 0; 

• U{n,d + nd',n + l) 7^ 0. 

Proof. For any n + g < d < 2n, there exists a generated stable bundle E (see Theorem 
13.51) . Moreover, from Remarks 12.81 and 12.51 there exists V C H^{E) such that {E,V) G 
Gg{n, d,n + l) and it is a-stable for all a > 0. Hence, U{n, d,n+l) 7^ 0. The Proposition 
follows now from [231 Lemma 1.5]. □ 

Proposition 4.3. For any n > 2 and d > 2gn, there exists (L, W) G ci, n + 1) such 
that Mw,L is stable. Moreover, U{n, rf, n + 1) 7^ 0. 

Proof. Let G be stable of rank n and degree d > 2gn. Hence, G is generated and from 
p2l Proposition 3.4] is generated by a subspace W C H^{G) of dimension n + 1. 

The Proposition follows from the dual span correspondence since the dual of the kernel 
of the evaluation map Mw,g is a line bundle L. Hence, (G, W) is a^-stable since (L, W) 
is a-stable for all a > (see [6l Corollary 5.10]). Moreover, G is stable, and hence (G, W) 
is a-stable for all a > 0. Therefore, U (n, rf, n + 1) 7^ 0. □ 
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5. Coherent systems of type {n, d,n + s) 

To study G{a : n,d,n + s) with n + sg + s' = d < 2n for any a > 0, we shall consider 
three cases, depending on s', namely 

(1) d < n + sg; 

(2) d = n + sg; 

(3) d > n + sg. 

In this section we will give a complete description of the moduli spaces G{a : n, d, k), 
for d < n + sg (see Theorem 15 . 61 and 15 . 1 p . 

As we have seen (see Remark [3l2|) . if d < n + sg, Go{n, d,n + s) = and the emptiness 
is related to the non-existence of semistable bundles of type {n,d,n + s). Our object in 
this section is to generalize such relation to arbitrary a > and prove 

Theorem 5.1. If d < n + gs, G{a : n,d,n + s) = ^ for all a > 0. 

Remark 5.2. For general curves, Theorem 15. II was proved in [VL, Corollary 3.10]. 

We shall prove Theorems 15.11 and 15.61 by means of a sequence of Propositions. 
The following Lemma follows at once from Proposition 13.11 and Lemma 13. 8[ 

Lemma 5.3. Let E and F be vector bundles with yu(-F) < /u(-E) < 2. // either F is 
semistable or E semistable and F a subbundle of E, 

, , h^iF) a(E)-l 
5.1 ^^<^^^J + 1. 

np g 

Recall from Remark 13.91 that if E is stable, without loss of generality, we can just 
consider subsystems {F,Vf]H^{F)) that satisfies /i°(F) > np, i/°(F*) = 0. 

Proposition 5.4. Let {E, V) be a coherent system of type (n, d,n + s) with d < n + sg, 
< sg < n. If E is semistable, {E,V) is a-semistable for all a > 0. Moreover, if E is 
stable, {E, V) is a-stable for all a > 0. 

Proof Let {F,W) C {E,V) be a subsystem with iJ°(F*) = 0. Since E is stable and 
fi{E) < 2, from Lemma [5.31 

dimW ^ h\F) ^ f,{E)-l ^n + s^ 
Up ~ Up ~ g ~ n 

Therefore, from (15. 2p and the semistability of E, fj,a{F,W) < fj,a{E,V) for all a > 0. 
If E is stable /i^(F, W) < fia{E, V) for all a > 0. □ 

Proposition 5.5. // {E,V) is an a-stable coherent system of type {n,d,n + s) with 
d < n + sg, E is stable. 
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Proof. Suppose Q is a stable quotient bundle such that fi{Q) < fJ^^E) < 2. 
From Lemma 15.31 

h'iQ) ^ /i(g) - 1 ^ ^ < KE) - 1 ^ ^ ^ n + s _ 
HQ - g - g - n ' 

Hence, fia{Q, W) < fJ,a{E, V) which is a contradiction to the a-stability of {E, V). There- 
fore, E is stable. □ 

Proof of Theorem \5.1\ If (£", V) G G{a : n, n + s), from Proposition 15. 5[ E is stable 
which a contradiction (see Remark 13. 2p . Therefore, G{a : n,d,n + s) =0 for all a > 0. 

□ 

For d = n + sg we have the following Theorem. 
Theorem 5.6. Let 2 < gs < n and k = n + s. If d = n + gs, 

(1) G{a ■.n,d,k)^^ for all a > 0; 

(2) G{n, d, k) := G{a : n, rf, k) = G{a' : n, d, k) for a, a' > i.e. = 0; 

(3) U{n, d, k) ^ 0. Moreover, U{n, d, k) = G{n, d, k) C Gg{n, d, k); 

(4) G{n,d,k) is smooth irreducible of dimension j3. Moreover, G{n,d,k) = Ai{s,d). 

(5) G{a : s, d, k) = G{n, d, k) for all a > 



Proof. From Theorem 13 . 5 1 1 here exists a generated coherent system {E, V) in Go{n, d, n+s) 
with E stable and from Proposition 15.41 {E, V) is a-stable for all a > 0. Therefore, 
G{a : n,d,n + s) ^ ^ for all a > 0. The equality G{a; n, d, k) = G{a'; n, d, k) for a, a' > 
follows from Proposition 15.51 Part (4) follows from Proposition 13.61 and the dual span 
correspondence gives the isomorphism G{n, d,n + s) = M{s, d). 

Part (5) follows from [HI Corollary 5.10] and the dual span correspondence. Note that 
in this case, for the dual span correspondence we do not need (n, k) = 1, since the vector 
bundles are stable and the case ^ = ^ is allowed (see P, Corollary 5.10]). 

□ 



6. Case d> n + sg 

Assume now that d = n + sg + s' with < s' < g. From Remark 13.41 Go{n, d,n + s) ^ 0. 
For any {E,V) G Go{n, d,n + s) we have the following Proposition. 

Proposition 6.1. Any {E,V) G 6*0(^5^^5'^ + s) is generically generated. 

Proof. Let {E, V) G GqIu, d, n+s) and Ie be the image of the evaluation map V^O E. 
If ni is the rank of Ie, nj + r = n with r > 0. Let Ie = ® N with if°(A^*) = and 
t > 0. 
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Since, E is semistable fi{N) < ^{E). From Lemma [3.81 and Proposition 13. ![ 

n + s ^ h\lE) ^ h\N) 
rii ~ rij ~ riN 

and 

ni + r + s ^ f^{N)-l ^ KE)-l , ^ , ^' 
m ~ g ~ g n ng' 

Hence, 

r ^ s' s s ^ s' 
nj ~ ng n nj ~ ng 
Since < s' < (7, < r < 1. Therefore, r = and hence {E, V) is generically generated. 

□ 

Let {B,H'^{B)) G Go{n,d,n + s) be the coherent system defined in section §3. Let 
{F,H^{E)) C {B,H^{B)) be a coherent subsystem. Without loss of generahty (see Re- 
mark 13.91) we can assume that h^{F) > np, H^{F*) = 0. Furthermore, the following 
Lemma allow us to assume also that {F, H^{F)) is generically generated. 

Lemma 6.2. Let {F,H^{F)) be a subsystem of {B , H^{B)) withh^{F) > np andH^{F*) = 
0. // {F, H^{F)) is not generically generated then there exists a generated subsystem 
{N,HyN)) C {B,H°{B)) with H°{N*) = such fi^iF, H^F)) < HaiN,H°{N)) for all 
a> 0. 

Proof. If = np + b, from Proposition 13. ![ np + bg < dp i.e. dp = np + bg + b' with 

g>b' >0. 

Assume {F, H^{F)) is not generically generated and let Ip be the image of the evaluation 
map H^{F) ® O ^ F. If n/ is the rank of Ip, nj + r = np with r > 1. 

Let Ip = 0^®N with H°{N*) = and t > 0. Note that (A^, H°{N)) is generated. 

As in the proof of Proposition 16.11 from Lemma [3.81 we have that, 

h'{F) ^^np + b _h\Ip) ^h\N) _ 
np nj nj ~ n^ 



Suppose /i(A^) < fJ-iF). From Proposition 13.11 

ni + r + b ^ fi{N)-l ^ f^jF)-! _^ ^ b , b' 



m g g np npg 

Hence, 

r b' b b b' 
— < + < . 



71/ npg np nj npg 

Since b' < g, r must have to be < 1, which is a contradiction. Therefore, fi{F) < yu(A^). 
This last inequality together with (16. ip implies that ^a{E, II^{F)) < fia{N , (N)) for 
all a > 0. □ 
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Therefore, from Lemmas 13.81 and I6.2[ to prove the a-stabihty of {B,H^{B)) we can 
assume that the subsystems {F, H^{F)) are generically generated with hP{F) > n and 
H°{F*) = 0. 

Proposition 6.3. {B, H^{B)) is a-stable for all a > 0. Moreover, U{n, d,n + s) 7^ 0. 

Proof. Let (F, H^{F)) be a generically generated subsystem of type {np, np+bg+U, rip+h) 
with H^{F*) = 0. Since B is stable, to prove the a-stability of {B,H^{B)) we need to 
prove that — < -. 

From the stability of B 

(6.2) 1 + ^ + _^ = ^^F) < = 1 + ^ + ^. 

Up Up n n 

Thus, if J < from ;^ < f and hence, ^l^{F,H\F)) < fi^{B,H^{B)) for all 

a > 0. 

Assume — > — . 

n np 

Since is generated, the exact sequence (12. 2p fits in the following diagram 



(6.3) ^ Kp ^ H\F)®0 ^ Ip 

^ M*B ^ H°{B) ®0 ^ B ^0. 

By construction, Mb is a stable bundle of degree d > 2gs and rank s. From the stability 
of Mb and diagram (16. 3p we have 



n + sg + s' 1..^^ dip np + bg + b' 

s bo 



That is, 



(6.4) ^ < 



If 

(6.5) A > 

Up n 



s' >b'^>^ i.e. 7 > ^. But, from ([62D 
(6.6) 



, np_ _|_ £_ £_ 



^ 6 ' 



which is a contradiction to (16.51) . Hence, < ^ and, from the stability of B, fiaiF, if°(F)) < 
/i„(S, i/°(S)) for all a > 0. Therefore, {B,H^{B)) is a-stable for all a > and U{n, d, n + 
s) ^ 0. □ 

Theorem 6.4. If k = n + s and d = n + sg + s' with < s' < g and 2 < gs < n, 



COHERENT SYSTEMS 



15 



(1) G{a : n, /c) 7^ for all a > 0; 

(2) U{n,d,k) 7^ 0. Moreover, any {E,V) G U{n,d,k) is generically generated; 

(3) G{a : n,d,k) has a smooth irreducible component G'^{n,d,k) of dimension (3. 
Moreover, G^{n, d, k) is birationally equivalent to the Grassmanian bundle Grass{s') 
over J^{s, d). 

Proof. Part (1) and (2) follows from Propositions 16.31 and 16. ![ respectively. The first part 
of (3) follows from Proposition 13.61 

For any G G M.{s,d), let Uq be the set 

Ug = {V e Grasses', H^{G)) : {G,V) is generated with Mv,g stable}. 

By openness of stability, Uq is an open set of Grasses' , H^{G)). The open sets Uq 
for all G G A4{n,d) define an open set Z in the Grassmannian bundle Grass{s) over 
Ai{n, d). The dual span correspondence define a coherent system in U (n, (i, n + s). From 
the universal properties of the moduli space Giin, d, k), the map from Z to G°(n, d, k) is 
regular and hence it gives a birrational equivalence. □ 

From Theorem 15.61 and 16.41 we conclude: 

Corollary 6.5. For any Brill-Noether triple {n, d, k) with n < d < 2n and k > n with 
n < d+{n — k)g, U{n, d, k) ^ 0. Moreover, there is an open set Z of B{n, d, k) such that 
any E & Z defines a a-stable coherent system for all a > 0. 

7. Tensoring coherent systems 

Given two coherent systems {Ei,Vi) of type {ni,di,ki), with z = 1,2, the pair {Ei 
-£^27 Vi (S> V2) needs not to be a coherent system of type (nin2, din2 + (^2^1, kik2). 

However, to get a coherent system of type (nin2, din2 + d2ni, kik2) tensor the associated 
sequences (12.21) and (12. 3p of {Ei, Vi) with Ej to get the following exact sequences 

(7.1) Q^Ke,(^ Ej ^Vi0 Ej ^ Ie, 0Ej-^O 
and 

(7.2) 0^ Ie,(S) Ej ^ Ei^Ej ^ H®Ej®r ^0. 

If H%Ke^ ® Ej) = 0, 

i^^E^y^) ® id)* : V ® H\E^) ^ H\E, ® E,) 

is injective and hence we identify Vi ^ Vj with the image of Vi ^ Vj in H^{Ei ® Ej) 
under the inclusions Vi ® Vj ^ Vi ® H^{Ej) ^ H^{Ei ® Ej). In this case, we define the 
tensor product of {Ej, Vj) by {Ei, Vi) to be the coherent system {Ei ® Ej, Vi ® Vj) of type 
(nin2, din2 + c?2ni, kik2). 

In this section we are interested in tensor coherent systems {E, V) of type (n, d, k) by 
coherent systems (L, W) of type (1, d', k'). 
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Given [L, W) of type (1, d', k') we have the exact sequences 

(7.3) O^Kl^W0 O^Il 
and 

Jl ^ L^T 0, 
where II is the image of the evaluation map W ® O ^ L. 

Assume H^{Kl ^ E) = and let {E ® L,V ® W) be a coherent system of type (n, d + 
nd' + kk'). To study the stability of {E (g) L,V (g)W) we want to describe H°{F)n{V (g)W) 
for any subbundle F (1 E ^ L. The following Lemmas will do it. 

First recall that any subbundle F ^ E ^ L defines a subbundle F' E ® that fits 
in the following diagram 



(7.4) 0^ F' F ^r'^0 

^ Il®E ^ L®E ^ T ^0. 
Lemma 7.1. H^{F) r}{y®W)= H^F') f] {V ® W). 

Proof. From the diagram ([731) , H^{F') = H^{F) f] H^{Il ® E). Hence, 

H\F')n{V ®W) = H\F)f}H^{lL®E)r}{y®W) 
= H%F)n{V ^W), 

since H^{Kl ® E) = and V ^ W C H^{E) ®W <Z H°{Il ® E). □ 

For the subbundle F' C E^Ii, we have the exact sequences 
and 

(7.5) F' E ^Q®Il^Q 

where Q is the quotient bundle. 

Tensor (17. 5p by the sequence (17. 3p to get the following diagram 



J, J, J, 

^ Kl®F'®II Kl0E Kl®Q®II 

(7.6) ^ W®F'®Il W®E W®Q®Il 

J, J, J' 

0^ F' ^ Il®E ^ Q ^0 

■1' ■1' J' 
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From the cohomology of (17.61) . we have the following diagram 



i 

^ H\Kl®Q®II) ^ 

J, J, J, 

^ H\F') ^ H\h®E) S H\Q) ^ 

J, J, J, 

since H^{Kl ® E) = 0. 

Lemma 7.2. H\F') n {W (g) H^{E)) = W ® H%F' II). 

Proof. From the commutativity of diagram (17.71) . 

W ® H%F' (g) II) C{W® H^{E)) n H\F'). 

To prove {W ® H^{E)) n H'^iF') C W ® H^{F' (g II) take any 7^ a G W^. Hence, 
< a > ®II^{E) cW ® H^{E). From (TTT} we have the following diagram 

(7.8) 



1 i 



^ < a > m\F' ® /2) ^ < a > ®//°(E) < a > m\Q ® / 



i i7 IP 

^ i70(^.) i; H\Il®E) ^ H\Q) ^ 

Let {sj} be a basis of H^{E). Let 

c = Aa (g) ^ z/iSj G < a > ®II^{E) 

be such that 7(c) G i*{H'^{F')) C H^ih^E). From diagram ([111), 9*(7(c)) = G if°((5) 
i.e. q*{'j{c)) is the zero section. Hence, 

g*(7(c)) =/3(zrf®p*)(c) =/3(Aa®p*(^z/,Si)) = 0. 

That is, for a; G X 

(7.9) X /3(ic?(g)p*)(c)(x) = Xa{x) ® p*{^UiSi){x) = 0. 

Since a G is a non-zero section, Xa{x) = only for a finite set of points xj G X. 
Hence, p*{Y2^i^i) must be the zero section. That is, '^I'iSi G ker (p*) = H^{F' (g /£). 
Therefore, if 7(c) G i*{H^{F')), c e< a > 0H°{F' ® II). Thereby, for all a G VT, 

(< a > ®H^{E)) n /7°(F') C< a > ®/7°(F' ® J^) C ® /fO(F' ® II) 

and hence, 

(VT ® H\E)) n /J°(F') C if°(F' ® II). 
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Therefore, W ® H^F' ® /£) = {W ® H\E)) n //^(F'). □ 

Moreover, for V ^ H^{E) we have the fohowing Lemma 
Lemma 7.3. H^{F) n{W (^V) = W {H\F' ® II) n V). 

Proof. From the injectivity of the first two columns in diagram 17.71 it is clear that 

W ® {H'^{F' ® II) nv)c H\F') n ® W). 

Moreover, from Lemma [7.21 

H'^{F')r}{y ®w) = H%F')n{{H%E)®w)r\{v ®w)) 

. = {H%F')n{H%E)®W))n{V®W) 

^ ' = {H%F'0ll)0W)n{V0W) 

C {H^{F' ®ii)nv)^w. 

Therefore, H^{F') n{V®W) = W® {H^{F' ® II) n V) and the Proposition follows from 
Lemma 17. 1[ □ 

For coherent systems (L, C) of type (1, d', 1) we know (see [231 Lemma 1.5]) that [E, V) 
is a-stable if and only if {E ® L, V) is a-stable. For coherent systems of type (1, d', k') we 
have the following Lemma. 

Lemma 7.4. Let {E, V) be a coherent system of type {n, d, k) and {L, W) of type (1, d', k'). 
Assume II^{Kl iS) E) = 0. Then {E, V) is k'a-stable if and only if {E ® L,V ® W) is 
a-stable. Moreover, 

(1) if {E, V) IS ai-stable, (E ig) L,V W) is ai-stable; 

(2) if U{n, d, k) ^ 0, U{n, d + nd', kk') ^ 0. 

Proof Note that if {F,H°{F) n {V ® W)) is a subsystem of ® L, F ® W), {F' 
Il,II^{F' (8) /£) n is a coherent subsystem of {E,V), where F' is the subbundle of 
Il(S)E that fits in (EH). 

The first part of the Lemma follows at once from the definitions and Lemmas 17.21 and 
17.31 once we notice that fi{F) — fi{E L) < fi{F' ® /£) — fi{E) and that for any subbundle 
F CE®L 

dim{{W 0V)n H^jF)) _ k'dim{H^{F' J£) n V) 
np Hp 

For the second part, if {E, V) is a^-stable, 

Q < _ dimiH^F'^lDnV) ^ 
~ n Up 
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From Lemmas 17.21 and 17.31 

^{F)-^{E®L) < fi{F' (g) ID - fi{E) 

^ ^^k _ dim(gO(F'0J£)ny) x 

(7.13) < 

^ ^.fc^ _ dim((gO(F'0J£)ny)0iy) x 
^ n np ' 

= _ dim(H°(F)n(V-(g)W)) N 

^ n Tip ' ' 

Therefore, fia{F,H°{F) f] {V ® W)) < jj^iE ^ L,V ® W) for a > ol and hence 
{E ^ L,V ^ W) is a-stable for all a > ai- It is well known that if E is stable, E ^ L is 
stable. Thereby, if {E, V) E U{n, d, k), {E L,V ® W) E U{n, d + nd', kk'). 

□ 



Theorem 7.5. Suppose U{n, d, k) ^ 0. // there exists a coherent system of type (1, d', k') 
with Kl semistable and {k' — l)d < nd' , U{n,d + nd', k'k) ^ 0. 

Proof. Let {E,V) E U{n,d,k). By hypothesis, ® E is semistable of slope < 0, so 
H^{Kl ^ E) = 0. The Theorem follows at once from Lemma [7.41 □ 

Corollary 7.6. Let d' > 2g, k' > 2 with d{k' - 1) < d'n. If U{n,d,k) ^ 0, U{n,d + 
nd', k'k) 0. 

Proof. Let L be a line bundle of degree d' > 2g and W a general subspace of II^{L) of 
dimension k' > 2 that generates L. From Theorem 13. 5[ = M^j^ is stable and has 
slope Hence, if {E, V) E U{n, d, k), H^Kl (g E) = 0, therefore,' {E0 L,V ®W) E 
U{n, d + nd', k'k) ^0. □ 

Assume now that Q < d" < 2n and k" > 1 with n < d" + {n - k")g. If (n, d", k") ^ 
{n,n,n), U{n,d",k") ^ (see Corollary 16.51 and [3, Theorem A]). Hence, from Theorem 
17.51 we have the following Corollary. 

Corollary 7.7. Suppose < d" < 2n and k" > 1 with n < d" + {n - k")g. Let d' > 2g, 
k'>2 with d"{k' - 1) < d'n. If {n, d", k") ^ (n, n, n), U{n, d" + nd' , k'k") ^ 0. 

In the definition of the tensor product of coherent systems and in the proof of Lemma 
17.21 we use that II^{Kl ® E) = 0. Such a condition seems very strong; however, for 
coherent systems {E, V) with V = H^{E) we have the following Proposition. 

Proposition 7.8. Let [E, V) be a coherent system with V = H^{E) and {L, W) a coherent 
system of type {l,d',k'). 

(1) // {E, V) IS generated and H^{L ® M* ) = 0, H^{Kl ^ E) = 0. 
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(2) // {E, V) is injective, H^{Kl E) = 0. 

Proof. Suppose {E, V) is generated. Tensor the exact sequence 

(7.14) ^ ^ H\E) E^O 
with 

(7.15) O^Kl^W0O^Il-^O 
to get the following diagram 



^ Kl®M*e W®M*E ^ Il^M^ 

(7.16) Kl®H\E) ^ W^H'^iE) ^ Il®H^{E) 
0^ Kl^E W^E Il®E ->0. 



The first part of the Proposition follows from the cohomology of diagram (17.161) once we 
notice that i/°(iri) = = H^{M*e) and if i/°(L eg) M* ) = 0, H'^^h ® M* ) = 0. 

If (i?, V) is an injective, the Proposition follows at once from the cohomology of the 
following diagram 



Kl®H^{E) ^ W®H^{E) Il0H°{E) 

(7.17) i i i 

0^ Kl^E W^E Il®E ^0 



since H^{Kl) = 0. □ 

Recall from [T7t Lemma 2.6] that if B{n,d,k) ^ there exists E G B{n,d,k) with 
h°{E) = k. Hence, if G'o(n, rf, k) ^ 0, there exists (E, V) G G^in, d, k) with V = H^{E). 

The following Theorems follow from Lemma 17.41 and Theorem 17.51 The hypothesis in 
each one allow us to define the tensor products of coherent systems of type (n, d, k) by 
those of type (1, c?', k'). 

Theorem 7.9. Assume < d" < 2n and k" > 1 with n < d" + {n-k")g and (n, rf", k") ^ 
{n,n,n). Let d = d" + nd' and k = k'k" with d' < 2g and 1 < k' . If (3{l,d',k') >> 0, 
U{n,d, k) ^ 0. 



Proof. If /?(1, d', k') > 0, there exist coherent systems (L, W) of type (1, d\ k'). 
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For k < n, from [3 Theorem A], U{n,d",k") ^ and any V^) E U{n,d",k") is 
injective. From [T7l Lemma 2.6] there exists {E,V) G U{n,d",k") with V = H^{E) and 
from Proposition 17. 8^ H^{Kl ® E) = 0. From Lemma [7.41 U{n, d, k) ^ 0. 

For k > n, from the hypothesis and the proof of Theorems 15.61 and 16.41 there exist 
generated coherent systems {C,V) G U{n,d",k") with V = H^{C) and Mq stable of 
slope > 2g. Hence, for any line bundle L of degree d' < 2g, H^{Mq ® L) = and from 
Proposition 17.81 H^{Kl ^ E) = 0. Therefore, from Lemma 17.41 U (n, d, k) ^ ^. □ 

Corollary 7.10. Assume < d" < 2n and k" > 1 with n < d"+{n-k")g and {n, d", k") ^ 

(n, ra, n). Let d = d" + nd' and k = k'k" with < d' < 2g and 1 < k' . If P{1, d', k') > 0, 
for any Brill-Noether triple {n,d,k), U{n,d,k) ^ 0. Moreover, there is an open set Z of 
B{n, d, k) such that any E E Z defines a a-stable coherent system for all a > 0. 

For hyperelliptic curve we have the following Theorem. 

Theorem 7.11. Let X be a hyperelliptic curve of genus g > 3. Assume < d" < 2n 
and k" > 1 with n < d" + {n - k")g and {n,d",k") ^ (n,n,n). // d' = 2{k' - 1), 
U{n,d + nd',k'k) ^ ^. 

Proof. Let L be the hyperelliptic line bundle over X. For 1 < k' < g, = k' 

and the degree 

ofL^'-i) isd' = 2{k'-l). As in Theorem Owe get U{n,d+nd',k'k) ^ 
after tensoring with (L, H'^{L®^'''-^^)). □ 
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